Abstract. Let p > 2 be a rational prime and K/Qp be an extension of complete discrete valuation fields. Let G be a truncated BarsottiTate group of level n, height h and dimension d over OK with 0 < d < h. In this paper, we show that if the Hodge height of G is less than 1/(p n−2 (p + 1)), then there exists a finite flat closed subgroup scheme of G of order p nd over OK with standard properties as the canonical subgroup.
Introduction
Let p be a rational prime and K/Q p be an extension of complete discrete valuation fields. Let k be the residue field of K and e = e(K) be the absolute ramification index of K. Let O K denote the ring of integers of K and put O K = O K /pO K . We fix an algebraic closureK of K and let v p be the valuation of K which is normalized as v p (p) = 1 and extended toK. For a non-negative rational number i, we put m ≥ī K = {a ∈ OK | v p (a) ≥ i} and similarly for m ≥i K . Let E be an elliptic curve over O K . By fixing a formal parameter of the formal completion of E along the zero section, we identify the group of p-torsion points E[p](OK ) as a subset of mK . If the group E[p](OK ) has a subgroup C of order p whose elements have valuations greater than those of the elements of E[p](OK ) \ C, then the subgroup C is called the (level one) canonical subgroup of E. It was shown that the canonical subgroup of E exists if the Hodge height of E, namely the p-adic valuation of the Hasse invariant of E, is less than p/(p+1), and based on this result, Katz studied a spectral theory of the U p operator for overconvergent elliptic modular forms ( [14] ).
For a similar investigation of p-adic modular forms for general reductive algebraic groups, we need a generalization of the existence theorem of the canonical subgroup to higher dimensional abelian schemes over O K . Such a generalization was first obtained by Abbes and Mokrane via a calculation of p-adic vanishing cycles of abelian schemes ( [1] ). Namely, for an abelian scheme A over O K with relative dimension g, they found a subgroup of Their work was followed by many improvements and generalizations with various methods, such as [2] , [7] , [10] , [11] , [17] , [19] , [21] and especially [8] and [22] .
In this paper, we prove an existence theorem of level n canonical subgroups for p > 2, using a classification theory of finite flat (commutative) group schemes due to Breuil and Kisin ([4] , [5] , [15] , [16] ), and a ramificationtheoretic technique developed by the author ( [12] ).
Before stating the main theorem, we fix some notation. For a finite flat group scheme G over O K and its module of invariant differentials ω G over O K , write ω G ≃ ⊕ i O K /(a i ) with some a i ∈ O K and put deg(G) = i v p (a i ). We define the Hodge-Tate map
, where x ∨ : G ∨ × Spec(OK ) → µ p is the dual map of x ∈ G(OK ). Let G j and G j+ (resp. G i and G i+ ) denote the upper (resp. lower) ramification subgroup schemes of G (see [12] ). Here we normalize the indices of the filtrations by multiplying the usual ones by 1/e(K), so that these ramification subgroup schemes are compatible with any base change of complete discrete valuation rings. In particular, G i is defined by
For a truncated Barsotti-Tate group G of level n, height h and dimension d < h over O K , let us consider its Cartier dual G ∨ and the p-torsion subgroup scheme G ∨ [p] . Then the Lie algebra Lie(G ∨ [p] × Spec(Õ K )) is a freeÕ Kmodule of rank h − d. We define the Hodge height Hdg(G) of G to be the truncated valuation v p (det(V G ∨ [p] )) ∈ [0, 1] of the determinant of the action of the Verschiebung V G ∨ [p] on thisÕ K -module. Note the equality Hdg(G) = Hdg(G ∨ ) (see for example [8, Proposition 2] , where the Hodge height of G is denoted by Ha(G) and referred as the Hasse invariant of G). Then the main theorem of this paper is the following. 
, then the subgroup scheme C n also satisfies the following: 
Moreover, we show that such C n is unique if w < p(p − 1)/(p n+1 − 1) (Proposition 4.4). Since the upper ramification subgroups can be patched into a family (see Lemma 4.5), we also have the following corollary. Corollary 1.2. Let K/Q p be an extension of complete discrete valuation fields and j be a positive rational number. Let X be an admissible formal scheme over Spf(O K ) which is quasi-compact and G be a truncated BarsottiTate group of level n over X of constant height h and dimension d with 0 < d < h. We let X and G denote the Raynaud generic fibers of the formal schemes X and G, respectively. For a finite extension L/K and x ∈ X(L), we put
, where we let x also denote the map Spf(O L ) → X obtained from x by taking the scheme-theoretic closure and the normalization. For a non-negative rational number r, let X(r) be the admissible open subset of X defined by
Put r 1 = p/(p + 1) and r n = 1/(2p n−1 ) for n ≥ 2.
Suppose p > 2. Then there exists an admissible open subgroup C n of G| X(rn) such that, etale locally on X(r n ), the rigid-analytic group C n is isomorphic to the constant group (Z/p n Z) d and, for any finite extension L/K and x ∈ X(L), the fiber (C n ) x coincides with the generic fiber of the level n canonical subgroup of G x .
Note that for a smaller range of w, Theorem 1.1 is also proved in [8] and [22] . The key idea of our approach is, firstly, to lift the conjugate Hodge filtration of G × Spec(Õ K ) to the Breuil-Kisin module associated to G. By an induction, it suffices to consider the case of n = 1. We may assume that the residue field k is perfect and that the group scheme G is associated to a ϕ-module M over the formal power series ring k [[u] ] via the BreuilKisin classification (see Section 2). The Lie algebra Lie(G ∨ ) is naturally considered as a ϕ-stable direct summand of the ϕ-module M/u e M. Then we show that the reduction modulo u e(1−w) of this direct summand lifts uniquely to a ϕ-stable direct summand of M. Our canonical subgroup is defined to be the finite flat closed subgroup scheme of G associated to the quotient of M by this direct summand. Its properties stated in Theorem 1.1 follow easily from the construction, basically except the uniqueness and the coincidence with ramification subgroup schemes. The second key idea is to switch to a complete discrete valuation field of equal characteristic: From the ϕ-module M, we can also construct a finite flat group scheme H(M) over k [[u] ] ( [9] ). Then, by the main theorem of [12] , the ramification subgroups of G and H(M) are naturally isomorphic to each other. Moreover, it is also proved that reductions of G and H(M) are isomorphic as pointed schemes ( [12, Corollary 4.6] ). These reduce proofs of the remaining properties of our canonical subgroup to an elementary calculation on the side of equal characteristic, which we can easily accomplish.
Review of the Breuil-Kisin classification of finite flat group schemes and their ramification theory
Let the notation be as in the previous section and suppose that the residue field k of K is perfect of characteristic p > 2. Let W = W (k) be the Witt ring of k and ϕ be the Frobenius endomorphism of W . Let us fix once and for all a uniformizer π of K and a system {π n } n∈Z ≥0 of its p-power roots inK with π 0 = π and π
be the Eisenstein polynomial of π over W and put c 0 = p −1 E(0). In this section, we briefly recall a classification theory of Breuil ([4] , [5] ) and Kisin ([15] , [16] ) of finite flat group schemes over O K and their ramification theory, while we concentrate mainly on the p-torsion case.
Breuil and Kisin modules. Put
The ϕ-semilinear continuous ring endomorphisms of these rings defined by u → u p are also denoted by ϕ. Then a Kisin module over S (of E-height ≤ 1) is an S-module M endowed with a ϕ-semilinear map ϕ M : M → M such that the cokernel of the map 1 ⊗ ϕ M : S ⊗ ϕ,S M → M is killed by E(u). We write ϕ M also as ϕ if there is no risk of confusion. A morphism of Kisin modules is an S-linear map which is compatible with ϕ's of the source and the target. Then the Kisin modules form a category and this category has an obvious notion of exact sequences. We let Mod 1,ϕ /S 1 (resp. Mod 1,ϕ /S ) denote its full subcategory consisting of the objects whose underlying S-modules are free of finite rank over S 1 (resp. S). For a k [[u] ]-algebra B, we write ϕ also for the p-th power Frobenius endomorphism of B. Then we let Mod
denote the category of locally free B-modules M of finite rank endowed with a ϕ-semilinear map ϕ M : M → M such that the cokernel of the map
We also have categories Mod u) ) and the compatibility condition with the canonical divided power structure on pW . The ring S has a natural filtration Fil i S defined as the closure in S of the ideal generated by E(u) j /j! for integers j ≥ i. The ϕ-semilinear continuous ring homomorphism S → S defined by u → u p is also denoted by ϕ. We have ϕ(Fil 1 S) ⊆ pS and put ϕ 1 = p −1 ϕ| Fil 1 S . This filtration and the map ϕ 1 induce a similar structure on the ring S n = S/p n S. Note that we have
/S denote the category of S-modules M endowed with an S-submodule
A morphism of this category is defined to be a homomorphism of S-modules compatible with Fil 1 's and ϕ 1 's. Note that this category also has an obvious notion of exact sequences. We drop the subscript M of ϕ 1,M if no confusion may occur. We let Mod
/S consisting of the objects M such that M is free of finite rank over S 1 (resp. M is free of finite rank over S, M/Fil 1 M is p-torsion free) and the image ϕ 1,M (Fil 1 M) generates the S-module M. The categories of Breuil and Kisin modules are in fact equivalent. By the natural map S → S, we consider the ring S as an S-algebra. We define an exact functor M S (−) : Mod 2.2. Classification of finite flat group schemes and ramification. Set OK = OK/pOK and C to be the completion ofK. Consider the ring
where every transition map is the p-th power map. For an element x = (x 0 , x 1 , . . .) ∈ R with x n ∈ÕK , we put x (0) = lim n→∞x p n n ∈ O C , wherê x n is a lift of x n in OK . Then the ring R is a complete valuation ring of characteristic p with valuation v R (x) = v p (x (0) ) whose fraction field Frac(R) is algebraically closed, and the absolute Galois group G K = Gal(K/K) naturally acts on this ring. We put m ≥i R = {x ∈ R | v R (x) ≥ i}. Define an element π of R with v R (π) = 1/e by π = (π, π 1 , π 2 , . . .), where we abusively write π n also for its image inÕK . The ring R has a natural S-algebra structure defined by the continuous map S → R which sends u to the element π. Then we have the following classification theorem due to Breuil and Kisin.
Theorem 2.1 ( [4] , [5] , [15] , [16] 
The anti-equivalence G(−) is compatible with Cartier duality in the following sense. For an object M of the category Mod
, we can define a natural dual object M ∨ ( [6] , [18] ), as follows. Put M ∨ = Hom S (M, S 1 ). Choose a basis e 1 , . . . , e h of the free S 1 -module M and let e ∨ 1 , . . . , e ∨ h denote its dual basis. Define a matrix A ∈ M h (S 1 ) by
which is independent of the choice of the basis e 1 , . . . , e h . Then we have a natural isomorphism of finite flat group schemes over
where ∨ on the left-hand side means the Cartier dual (see [12, Proposition 4.4] ). This defines an isomorphism of G K∞ -modules
Let S ∨ 1 be the object of the category Mod
whose underlying S-module is S 1 and Frobenius map is given by ϕ S ∨
1
(1) = c
induces a perfect pairing of G K∞ -modules
, which is denoted also by , M . This pairing fits into a commutative diagram of G K∞ -modules Suppose that the B-module M is free of rank h. Let e 1 , . . . , e h be its basis and put ϕ(e 1 , . . . , e h ) = (e 1 , . . . , e h )A for some matrix A = (a i,j ) ∈ M h (B). Then the group scheme H(M) is by definition the additive group scheme whose affine algebra is
Moreover, for the case of
, by which we identify both sides. Hence we obtain the isomorphism of G K∞ -modules
We normalize the indices of the ramification subgroup schemes of H(M) by multiplying the usual ones by 1/e, so that
Then we have the following correspondence of ramification between the finite flat group schemes G(M) and H(M).
Theorem 2.2. Let M be an object of the category Mod
preserves the upper and the lower ramification subgroups of both sides.
we identify both sides of the isomorphism. Then there exists an isomorphism of schemes
which preserves the zero section.
For a finite flat group scheme G over O K which is killed by p, the upper and the lower ramification subgroups are in duality as in the following theorem. 
of subgroups of G ∨ (OK ), where ⊥ means the orthogonal subgroup with respect to the Cartier pairing and
We insert here a lemma which gives an upper bound of the lower ramification for finite flat group schemes killed by p. For an extension K/k((u)) of complete discrete valuation fields, let v u be the u-adic valuation on K normalized as v u (u) = 1. Let G be a finite flat generically etale group scheme over O K . Fix a positive integer m and we normalize the indices of the ramification subgroup schemes of G by multiplying the usual ones by 1/m. Write
In particular, for an object M of the category Mod
an extension of complete discrete valuation fields and G be a finite flat generically etale group scheme over
. By the Oort-Tate classification ( [20] ), the affine algebra of H is isomorphic to the ring
Hence we obtain H i = 0 and x = 0.
2.3.
Hodge filtration and Breuil-Kisin modules. Finally, due to the lack of references, we explain how to decode the Hodge filtration, the Hodge height and the Hodge-Tate map for a truncated Barsotti-Tate group of level one over O K from its corresponding Breuil-Kisin module. Put S 1 = Spec(Õ K ) and E 1 = Spec(S 1 ). Consider the big crystalline site with the fppf topology (S 1 /E 1 ) CRYS , as in [3] . For an fppf sheaf E over Spec(O K ), we let E 1 denote its restriction to Spec(Õ K ) only in this subsection, and for an fppf sheaf F over Spec(Õ K ), let F denote the associated sheaf on the site (S 1 /E 1 ) CRYS ([3, (1.1.4.5)]). We also write the crystalline Dieudonné functor as D * (−) = Ext 1 
Proof. Let us consider the assertion (1). By [13, Théorème 4.4 (e)], we can find a Barsotti-Tate group Γ over O K such that its p-torsion subgroup scheme Γ[p] is isomorphic to G. Let N be the object of the category Mod 1,ϕ /S corresponding to Γ and put N 1 = N /pN , which is naturally considered as an object of the category Mod
. By the construction of the anti-equivalence ( [15] ), we have a natural isomorphism of exact sequences
where
is the set of sections on the divided power thickeningÕ K → O K . Thus we also have the natural isomorphism
For the assertion (2), take a resolution
of G by Barsotti-Tate groups Γ and Γ ′ over O K . Let N and N ′ be the objects of the category Mod 1,ϕ /S corresponding to Γ and Γ ′ , respectively. Then we have exact sequences
By tensoringÕ K to the first sequence and using the assertion (1), we obtain an exact sequence
This and the second sequence induce the isomorphism Fil
For the assertion (3), choose a basis e 1 , . . . , e h of M and put 
Thus, by the assertion (2), we obtain an isomorphism
which implies the equalities deg(G(M)) = i e −1 s i = e −1 v u (det ϕ). From the explicit description of the affine algebra of H(M) given before, we see that this is also equal to deg(H(M)).
Let G and M be as in Lemma 2.5 (1) and set M to be the object of Mod 1,ϕ /S 1 which corresponds to M via the equivalence M S (−). We let h and d denote the height and the dimension of G, respectively. Let e 1 , . . . , e h be a basis of M and A be the element of M h (k [[u] ]) with ϕ(e 1 , . . . , e h ) = (e 1 , . . . , e h )A.
We also put M 1 = M/u e M and Fil
Then we have an isomorphism ofÕ K -modules
From Lemma 2.5 (1) and the definition of the functor M S (−), we also have natural isomorphisms ofÕ K -modules
Hence theÕ K -module Fil 1 M 1 is free of rank h − d and each elementary divisor of the matrix A is either 1 or u e . This implies that theÕ K -module
whose left horizontal arrows are surjections and right horizontal arrows are natural inclusions. The left vertical arrow is the map induced by the Frobenius F G 1 via the natural isomorphism M ≃ D * (G 1 )(S 1 →Õ K ) and the middle vertical arrow is the map induced by the left vertical arrow. Lemma 2.5 (1) implies that the truncated valuation of the determinant of the latter map is equal to Hdg(G), since the natural isomorphism Hom(G 1 , G a ) → Lie(G ∨ 1 ) takes the action of the Frobenius F G 1 on the left-hand side to the action of the Verschiebung V G ∨ 1 on the right-hand side. We see that the outer square is commutative and thus the right square is also commutative. Hence we have an exact sequence
Let i ≤ 1 be a non-negative rational number. Then the zeroth projection pr 0 : R →ÕK induces an isomorphism R/m ≥i R → OK /m ≥ī K , by which we identify both sides. Moreover, we also have natural isomorphisms 
coincides with the Hodge-Tate map HT i for any i ≤ 1.
Proof. For a sheaf E on the site (S 1 /E 1 ) CRYS , we let EÕK denote the set of sections on the natural divided power thickeningÕK →ÕK . For a valued point x : Spec(OK ) → G, we let x ∨ : G ∨ × Spec(OK ) → µ p denote its dual map. Since G is a truncated Barsotti-Tate group of level one, we have a commutative diagram
where the vertical arrows are isomorphisms compatible with Hodge filtrations ([3, Proposition 5.3.6]). Put M = M S (M). In particular, by Lemma 2.5 (1) we also have a commutative diagram whose vertical arrows are isomorphisms
Then HT 1 (x) coincides with the image of the identity map on the upper left corner of the former diagram by the lower composite, which is contained in the submodule ω G ∨
1
⊗ÕK .
Now we consider a diagram
Here R DP is the divided power envelope of the ring R with respect to the ideal m
≥1
R . The right-pointing solid arrows are defined by x → D * (x) on the sets of sections over the divided power thickenings R DP →ÕK and OK →ÕK . The top left-pointed horizontal arrow maps a homomorphism f : M → R to the homomorphism M = S⊗ ϕ,S M → R DP defined by s⊗m → sϕ(f (m)) and the middle left-pointed horizontal arrow is defined similarly. The bottom one is induced by the isomorphism 1⊗ϕ :
. From the definition, we see that the bottom square is commutative and thus the diagram is also commutative. Hence the lemma follows.
Level one canonical subgroup
In this section, we prove the following level one case of Theorem 1.1. Proof. Let W (k) be the Witt ring of an algebraic closurek of k. Choose a Cohen ring C(k) with residue field k and inclusions C(k) → W (k) and corresponding to G via the anti-equivalence G(−). Put 
is free of rank h − d (resp. rank d) and the equality v p (det(ϕ Fil
We choose once and for all a basis e 1 . . . , e h of M such that e 1 , . . . , e h−d is a lift of a basis of theÕ K -module Fil for some matrices P i with entries in the ring k [[u] ], where P 4 is a d × dmatrix. Since the elements on the right-hand side also form a basis of (1 ⊗ ϕ)(S 1 ⊗ ϕ,S 1 M), the matrix
. Moreover, since w < 1, we also have the equality v u (det(P 1 )) = ew and thus there exists a matrixP 1 
, where I h−d is the identity matrix. Here we note that the number ew is a non-negative integer.
For the uniqueness assertion in (1), we first show the following lemma. 
Proof. Put N = M/L, which is the object of the category Mod 
From the definition of the anti-equivalence H(−), we see that the Frobenius of H(M/u ei M) corresponds to the natural map By this lemma, the unique existence of C as in Theorem 3.1 (1) follows from the lemma below, by putting N = M/L and C = G(N). 
Proof. Let L be a direct summand of M satisfying the condition (2) It is enough to show that there exists B uniquely such that the resulting L is stable under ϕ = ϕ M , and that L defines an element of the category Mod
Note that we have
.
Consider the equation
. This is equivalent to the following equations:
From this we obtain the equation for B
By multiplyingP 1 , we have 
be the inverse of the matrix P 1 P 2 P 3 P 4 . By multiplying this,
and thus v R (x i ) ≥ p(1 − w)/(p − 1) for any i. Let z be the image of the element (x, y) by the natural map 
whose upper right vertical arrow is an injection by Lemma 2.4. Therefore the assertion (2) follows from Lemma 2.6. Finally, let us prove the assertion (3). Assume w < 1/2. Take i > w/(p − 1) and consider the commutative diagram with exact upper row
By Lemma 2.4, we have (G/C) i = 0 and the right vertical arrow in the diagram is an injection. This implies the inclusion G w/(p−1)+ ⊆ C. Thus we obtain the inclusions
and the equality C = G b holds for any b satisfying w/(p − 1)
. The assertion for upper ramification subgroups follows from the part (b) and Theorem 2.3.
Higher canonical subgroups
In this section, we prove Theorem 1.1 and Corollary 1.2. Though this can be done basically by repeating arguments in [1] , [8] and [22] , we give a proof here with necessary modifications for the convenience of the reader. First we recall the following two lemmas in [8] whose proofs depend only on elementary arguments and are independent of the theory of Harder-Narasimhan filtrations or Hodge-Tate maps developed there. Note that for Lemma 4.1, the proof of [8, Théorème 5] remains valid also for our subgroup scheme C by Theorem 3.1 (1). 
Proof of Theorem 1.1. We proceed by induction on n. The case of n = 1 is Theorem 3.1. For n ≥ 2, suppose that the theorem holds for any level less than n. By assumption, we have the level one canonical subgroup C of G[p] as in Theorem 3.1. Then Lemma 4.1 implies that, for n ≥ 2, the group scheme p −(n−1) C/C is a truncated Barsotti-Tate group of level n − 1 over O K with Hdg(p −(n−1) C/C) = pw. Using the induction hypothesis for p −(n−1) C/C, we define the level n canonical subgroup C n of G to be the unique finite flat closed subgroup scheme of G over O K containing C such that the quotient C n /C is the level n − 1 canonical subgroup of p −(n−1) C/C. Then C n is of order p nd .
By the assertion on the Frobenius kernel for p −(n−1) C/C, we have the equality
, we obtain the assertion on the Frobenius kernel for G.
Since the multiplication by p n−1 induces an isomorphism
and the part (a) of the theorem follows from the induction hypothesis. For the part (b), it is enough to show the Cartier pairing , G kills the
and we have x, y G = x, y G/C for any x ∈ C n (OK ) and y ∈ C ′ n (OK ), wherex is the image of x in (G/C)(OK ). Since we have an exact sequence
, a similar argument on the side of C ′ n implies the equality x, y G/C = x,ȳ p −(n−1) C/C , whereȳ is the image of y by the surjection (G/C) ∨ (OK ) → (p −(n−1) C/C) ∨ (OK ). Moreover, we have an isomorphism (G/C) ∨ ≃ p −(n−1) C ′ of subgroup schemes of G ∨ fitting into the commutative diagram
Thus we obtain an isomorphism (p −(n−1) C/C) ∨ → p −(n−1) C ′ /C ′ and the equality x,ȳ p −(n−1) C/C = 0 holds by induction hypothesis. Moreover, for w < (p − 1)/(p n − 1), the inequality deg(C n ) = nd − w(p n − 1)/(p − 1) > nd − 1 holds by the part (a) and Lemma 4.2 implies the part (d).
Next we show the part (e). By induction hypothesis, we have the subgroup scheme C i of G[p i ] as in the theorem. Note that, by the part (d), a subgroup of C n (OK ) which is isomorphic to (Z/p n−1 Z) d is equal to C n (OK )[p n−1 ]. Hence, by induction hypothesis, it is enough to check that C n−1 is contained in C n . The case of n = 2 follows from the definition of C n . Suppose n > 2.
For any i with 2 ≤ i ≤ n, the group scheme C i /C is the level i − 1 canonical subgroup of the truncated Barsotti-Tate group p −(i−1) C/C of Hodge height pw. The inequality p(p − 1)/(p n − 1) < (p − 1)/(p n−1 − 1) and the induction hypothesis imply that C n−1 /C is contained in C n /C. Thus the part (e) follows.
Let us show the assertion (3). Assume w < (p − 1)/p n and set K n to be the scheme-theoretic closure in G of the subgroup Ker(HT n−w(p n −1)/(p−1) ). We have the inequality w/(p − 1) < 1 − ǫ ≤ 1 − w for ǫ = w(p n − 1)/(p − 1) and Theorem 3.1 (2) implies that the kernel of the map HT 1−ǫ :
is of order p d . Using this, we can show that the order of the group scheme K n is no more than p nd , by an elementary argument just as in [8, Proposition 13] . On the other hand, we have a commutative diagram with exact rows
where we put HT(x) = (x ∨ ) * (dt/t) as before. Take x ∈ C n (OK ) and letx denote its image in (G/C)(OK ). By the construction of C n and induction hypothesis, we see that the element HT(x) is killed by the ideal m and we obtain the inclusion C n ⊆ K n , which implies the assertion (3) by comparing orders.
Finally, the assertion (4) follows just as in the proof of [22, Theorem 2.5], using induction hypothesis and assertions of the theorem we have already proved. This concludes the proof of Theorem 1.1.
We can also prove the following result on anti-canonical isogenies, slightly generalizing [8, Proposition 16] . Proof. By a base change argument as before, we may assume that the residue field k of K is perfect. Then, by [13, 
Considering the Hodge heights of both sides, we have the equality On the other hand, the following stronger uniqueness also holds for w < p(p − 1)/(p n+1 − 1). Note the inequalities
) is killed by the n-th iterated Frobenius F n . Then we have C n = D n .
Proof. We proceed by induction on n. The case of n = 1 follows from Theorem 3.1 (1) . Suppose that n ≥ 2 and the assertion holds for n − 1. Let C 1 be the scheme-theoretic closure of C n (OK ) [p] in C n and define D 1 similarly. By Theorem 1.1 (e), the subgroup scheme C 1 is the canonical subgroup of G[p]. First we claim C 1 = D 1 . For this, by a base change argument as before, we may assume that the residue field k of K is perfect and
and D 1 (OK ) ∩ E(OK ) = 0. Let F be the scheme-theoretic closure of the latter intersection in G[p], which is a closed subgroup scheme of E. Let L, E and F be the objects of the category Mod
On the other hand, since F is also a closed subgroup scheme of D n , the n-th iterated Frobenius of
) is zero. By Theorem 2.2 (2), we see that the entries of a representing matrix of the map
have u-adic valuations no less than e(1 − p n−1 w). Taking the valuation of the determinant of this map, we obtain the inequalities
which contradict the assumption on w and the equality C 1 = D 1 follows. Now the group scheme p −(n−1) C 1 /C 1 is a truncated Barsotti-Tate group of level n − 1, height h, dimension d and Hodge height pw with the level n − 1 canonical subgroup C n /C 1 . The finite flat closed subgroup scheme D n /C 1 satisfies (D n /C 1 )(OK ) ≃ (Z/p n−1 Z) d and its modulo m ≥1−p n−2 pw K is killed by F n−1 . Thus the induction hypothesis implies the equality C n /C 1 = D n /C 1 . This concludes the proof of the proposition.
To show Corollary 1.2, we need a patching lemma for upper ramification subgroups, which is a slight generalization of [1, Proposition 8.2.2]. Let K/Q p be an extension of complete discrete valuation fields and j be a positive rational number. Let X be an admissible formal scheme over Spf(O K ) which is quasi-compact and X be its Raynaud generic fiber. For a finite extension L/K, an O L -valued point x : Spf(O L ) → X and an ideal I of O X , we let I (x) denote the ideal of O L generated by the image of I . The p-adic valuation of a generator of this ideal is denoted by v p (I (x) ). For any x ∈ X(L), we let x also denote the map Spf(O L ) → X obtained from x by taking the scheme-theoretic closure and the normalization. Proof. By replacing X by the admissible blow-up of X along the ideal H, we may assume that the ideal H is invertible. It suffices to show the existence of an admissible open subgroup as in the lemma locally. Thus we may assume that X = Spf(B) is affine, the ideal H is generated by h ∈ B and there exists a closed immersion of G to a projective abelian scheme A over Spec(B), by a theorem of Raynaud ([3, Théorème 3.1.1]). Let P be the formal completion of A along the special fiber, P be its Raynaud generic fiber and I be the defining ideal of the closed immersion G → P. For positive rational numbers j and j ′ , write j = m/n and j ′ = m ′ /n with positive integers m, m ′ , n and put J = I n + p m ′ h m O P . Let B be the admissible blow-up of P along the ideal J and Z m,m ′ ,n,h be the formal open subscheme of B where p m ′ h m generates the ideal J O B .
The Raynaud generic fiber of Z m,m ′ ,n,h is the admissible open subset of P whose set ofK-valued points is given by {y ∈ P (K)|v p (I (y)) ≥ jv p (h(y)) + j ′ }
and it is independent of the choice of m, m ′ , n. We write this Raynaud generic fiber as Z jh+j ′ . We claim that the admissible open subset Z jh+j ′ is a rigid-analytic subgroup of P . For this, take a finite extension L/K and x ∈ X(L). It is enough to show that the fiber (Z jh+j ′ ) x is a rigidanalytic subgroup of P x . This is the admissible open subset of P x consisting of y ∈ P x (L) such that the inequality v L (I (y)) ≥ e(L/Q p )(jv p (h(x)) + j ′ ) holds, where v L is the normalized valuation of L. Taking a sufficiently large L, we may assume that the constant e(L/Q p )(jv p (h(x)) + j ′ ) is an integer. Then the universality of the dilatation implies the claim, as in the proof of and G jH + = G ∩ Z jh+,0 . These are admissible open subgroups of P and G, respectively. To show that G jH + satisfies the property as in the lemma, it is enough to show that, for any finite extension L/K and x ∈ X(L), the fiber (Z jh+j ′ ) x is naturally isomorphic to the tubular neighborhood X jvp(h(x))+j ′ (G x → Z) of a closed immersion from G x to a formal affine scheme Z which is an object of the category SFA O L ([1, Notation 1.5]). Take x ∈ X(L). Since A is projective and G x is finite over O L , there exists an affine open subscheme U x of A x such that the closed immersion G x → A x factors through U x . LetÛ x be its formal completion along the special fiber and U x be its Raynaud generic fiber. ThenÛ x is an object of the category SFA O L . Moreover,Û x is a formal affine open subscheme of P x through which the closed immersion G x → P x factors and the restriction (Z jh+j ′ ) x | Ux coincides with the tubular neighborhood X jvp(h(x))+j ′ (G x →Û x ). Therefore we are reduced to show the equality (Z jh+j ′ ) x | Ux = (Z jh+j ′ ) x . For this, take y ∈ (Z jh+j ′ ) x (L). Then we have v p (I (y)) ≥ jv p (h(x)) + j ′ > 0. Put P x \Û x = V (I ′ x ) with some ideal I ′ x ⊆ O Px . LetP x andȳ denote the special fibers of P x and y, respectively. Consider the inverse imageĪ x (resp.Ī ′ x ) of I x (resp. I ′ x ) inP x . Since V (Ī x ) ∩ V (Ī ′ x ) = ∅, we haveĪ x +Ī ′ x = (1) in any open affine neighborhood of the image ofȳ inP x . Thus the image is not contained in V (Ī ′ x ) and we obtain y ∈ (Z jh+j ′ ) x | Ux .
